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Abstract: In this paper we develop the technique of a distribution decomposition for a 
graph. A formula is given to determine genus distribution of a cubic graph. Given any 
connected graph, it is proved that its genus distribution is the sum of those for some cubic 


graphs by using the technique. 


Key Words: Joint tree; genus distribution; embedding distribution; Smarandachely k- 


drawing. 


AMS(2000): 05C10. 


§1. Introduction 


We consider finite connected graphs. Surfaces are orientable 2-dimensional compact manifolds 
without boundaries. Embeddings of a graph considered are always assumed to be orientable 
2-cell embeddings. Given a graph G and a surface $, a Smarandachely k-drawing of G on S is 
a homeomorphism ¢: G — S$ such that ¢(G) on S has exactly k intersections in ¢(E(G)) for 
an integer k. If k = 0, ie., there are no intersections between in ¢(£(G)), or in another words, 
each connected component of S' — ¢(G) is homeomorphic to an open disc, then G has an 2-cell 
embedding on S. If G can be embedded on surfaces S$; and S; with genus r and t respectively, 
then it is shown in [1] that for any k with r < k < t, G has an embedding on S;,. Naturally, the 
genus of a graph is defined to be the minimum genus of a surface on which the graph can be 
embedded. Given a graph, how many distinct embeddings does it have on each surface? This is 
the genus distribution problem, first investigated by Gross and Furst [4]. As determining the 
genus of a graph is NP-complete [15], it appears more difficult and significant to determine the 
genus distribution of a graph. 
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There have been results on genus distribution for some particular types of graphs (see [3], 
[5], [8], [9], [11]-[17], among others). In [6], Liu discovered the joint trees of a graph which 
provide a substantial foundation for us to solve the genus distribution of a graph. For a given 
embedding G, of a graph G, one can find the surface, embedding surface or associate surface, 
which G, embeds on by applying the associated joint tree. In fact, genus distribution of G' is 
that of the set of all of its embedding surfaces. This paper first study genus distributions of 
some sets of surfaces and then investigate the genus distribution of a generic graph by using 
the surface sorting method developed in [16]. 

Preliminaries will be briefed in the next section. In Section 3, surfaces Q5 will be intro- 
duced. We shall investigate the genus distribution of surface sets Q? and Q} forl <j < 24, and 
derive the related recursive formulas. In Section 4, a recursion formula of the genus distribution 
for a cubic graph is given. In the last section, we show that the genus distribution of a general 
graph can be transformed into genus distribution of some cubic graphs by using a technique we 


develop in this paper. 


§2. Preliminaries 


For a graph G, a rotation at a vertex v is a cyclic permutation of edges incident with v. A 
rotation system of G is obtained by giving each vertex of G a rotation. Let p, denote the valence 
of vertex v which is the number of edges incident with v. The number of rotations systems of G 


is |] (py—1)!. Edmonds found that there is a bijection between the rotations systems of a 
vEV(G) 
graph and its embeddings [2]. Youngs provided the first proof published [18]. Thus, the number 


of embeddings of Gis [| (py —1)!. Let g;(G) denote the number of embeddings of G with 
vEV(G) 
the genus i (i > 0). Then, the genus distribution of G is the sequence go(G), 91(G), g2(G),--- . 


The genus polynomial of G is fa(x) = > gi(G)a’. 
i>0 


Given a spanning tree T of G, the joint trees of G are obtained by splitting each non-tree 
edge e into two semi-edges e and e~. Given a rotation system o of G, Go, T, and ae denote the 
associated embedding, joint tree and embedding surface which G, embedded on respectively. 
There is a bijection btween embeddings and joint trees of G such that G, corresponds to i. 
Given a joint tree T, a sub-joint tree T, of T isa graph consisting of T; and semi-edges incident 
with vertices of T; where T; is a tree and V(T;) C V(T). A sub-joint tree re of T is called 
maximal if there is not a tree Tz such that V(T,) C V(T2) C V(T). 

A linear sequence S = abc---z is a sequence of letters satisfying with a relation a < b x 
c~<-+-+~<z. Given two linear sequences S; and 52, the difference sequence S,/S2 is obtained 
by deleting letters of Sz in S;. Since a surface is obtained by identifying a letter with its inverse 
letter on a special polygon along the direction, a surface is regarded as that polygon such that 
aanda™~ occur only once for each a € S in this sense. 

Let S be the collection of surfaces. Let (S') be the genus of a surface S. In order to 
determine y(S), an equivalence is defined by Op1, Op2 and Op3 on S as follows: 


Op 1. AB~ (Ae)(e” B) where e ¢ AB; 
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Op 2. Aeje2.Bez ey ~ AeBe~ = Ae” Be where e ¢ AB; 
Op 8. Aee~B~ AB where AB4O 


where AB is a surface. 
Thus, S' is equivalent to one, and only one of the canonical forms of surfaces agag and 
I] @xbxa;, b, which are the sphere and orientable surfaces of genus i(7 > 1). 
k=1 
Lemma 2.1 ([6]) Let A and B be surfaces. If a,b ¢ B, and if A ~ Baba~b-, then y(A) = 


y(B) +1. 


Lemma 2.2 ([7]) Let A,B,C,D and E be linear sequences and let ABCDE be a surface. If 
a,b ¢ ABCDE, then AaBbCa~ Db- E ~ ADCBEaba" b-. 


Lemma 2.3 ({13],[16]) Let A,B,C and D be linear sequences and let ABCD be a surface. If 
azbéc#a #b ¢<c and ifa,b,c¢ ABCD, then each of the following holds. 


(i) aABa~CD ~ aBAa” CD ~ aABa" DC. 
(it) AaBa~ bCb-cDc~ ~ aBa~ AbCb- cDc~ ~ aBa7 bCb- AcDc_. 
(itt) AaBa~ bCb-cDc~ ~ BaAa~ bCb-cDc~ ~ CaAa~ bBb-cDc~ ~ DaAa~ bBb- cCc. 


For a set of surfaces M, let g;(MZ) denote the number of surfaces with the genus 7 in 
M. Then, the genus distribution of M is the sequence go(M), g1(M),g2(M),---. The genus 
polynomial is fur(x) = >> gi(M)z’. 
i>0 


§3. Genus Distribution for Qj 


Let a,b,c,d,a~,b-,c",d~ be distinct letters and let Ap, Bo, C, Do be linear sequences. Then, 


surface sets Qk are defined as follows for 7 = 1,2,3,--- , 24: 
QF = {A,B.CD;} QE = {ApCD,aBza- } Qk = {A, By CaD,a" } 
Qh = {A,ByaCD;,a7 } Qk = {A;,D,aB,Ca“ } Qk = {A, DCB} 
Qt = {B,.CD,aA,a- } Qk = {B,,D,CaA,a- } Q§ = {Ac Br DxC} 
to = {AnD CaB,a-} k= {Ar B,D,aCa~ } k, = {Ay D,BpaCa~ } 
Qk, = {ArCBrDx} Qk, = {ApCB,aD,a7 } k= {A,CD,By} 
k, = {ApCaB,D aq } Qi, = {AxD,BrC} k. = {CD,aAzaq bB,b- } 


16 = {B,D,aAza~ bCb7 } OF. = {B,CaAzaq bDxb7 } Qh, = {Ay D,aB,a~ bCb7 } 
ee = {A,CaByaq bDxb7 } Oke = {Ay B,aCa~ bDxb7 } OF = {A,aB,a~ bCb- cDy.c7 } 
where k = 0 and 1, A, € {dAo, Aod}, (By, D1) E {(Bod~ , Do), (Bo, d~ Do) } and a,a_,b,b-, 


cc”, d,d~ ¢ ABCD. Let fgo(x) denote the genus polynomial of Q9. If APA} Do Bi BYC}C1 D1 
= 0), then fgo(x) = 1. Otherwise, suppose that fgo(x) are given for 1 <j < 24. Then, 


Theorem 3.1 Let g;,(n) be the number of surfaces with genus i in Qi). Each of the following 
holds. 
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Giz (0) + Gis (0) + Gia (0) + Gis (0), if 7 =1 


Gia, (0) + Gins 
Gina (0) + Ging 
Gis(0) + Girs (0 
Gis (0) + Giro ( 


( 
( 


( 
( 


0) 7 J(i-1) , (0) 4 r J(i-1)15 (0), if j = 2 
0) + 9¢-1), (0) + 9@-1),,(0), if fj = 3 
) + 9(6-1)5 (0) + 9-1), (0), if 7 = 4 


0) T I(i-1)6 (0) T Gi-1)13 (0), if 7 =5 


2gi¢(0) + 2gig(0), if 7 = 6 

26¢-1)1g(0) + 29-1), (0), if j =7 and 16 
4g(s—1),(0), if7 =8 

2g9i,(0) + 2gi,.(0), if 7 =9 

Giro (0) + Girs (0) + gei—1)5(9) + 9G—1)(0), if 7 = 10 


2Gia, 
Gi; (1) _ 2Gir 
2Gis (0) 7 29:4 


( 
( 


0) + 29%08 (0), if 7 = 11 
0) + 29ix6 (0), if 7 = 12 


a); if 7 =13 


Gira (0) + Giro (0) + Ii-1)6 (0) =m Gi-1)13 (0), ify =14 


29(i—1)4 (0) a 
490-112 (0), 
29(i-1)5(0) + 


) 
T Girs (0) T Gits (0) T Gite (0), if j= 15 
T Girs (0) T Gite (0) 


Tr Gir7 (0), if 7 =17 
29(4-1)19 (9), if 7 = 18 

if 7 =19 

29(4-1)14(0), if j = 20 


Yin, (0) + Gina (0) + 9G=1)11 (0) + 9G-1)12(0), if 7 = 21 
Gi—1)2(0) + 9G=1)3 (0) + 9-1) 1 (0) + 96-114 (0), if 7 = 22 
Ying (O) + Giza (0) + 9(6—1)11 (0) + 9G-1)12 (0), if 7 = 23 
29(i—1)21(0) + 29(4—1)25(0), if 7 = 24 


Proof We shall prove the equation for g;,(1), and the proofs for others are similar. Let 


Uy = {Agdd~ DoCBo} 
U3 = {ApdDoC Bod= } 


U2 = {dAgpDoC Bod" } 
U4, = {dAgd~ DoC'Bo}. 


By the definition of Q§, we have Q§ = {Ui, U2, U3, Us}. By the definition of gi, 


Gig (1) = Gi 
By Ops, 


Agdd~ DoC Bo ~ AgDoCBo, 


It follows that 


(U1) + gi(U2) + gi(Us) + 9i(U4). 


and dAgDoC Bod = ApDoC Bod d nm AgDoC Bo. 


gi(U1) = gi(U2) = gig (0). 


By Lemma 2.3 (i) and Op2, we have 


ApdDopC Bod— = DoCBod Aod Od: BoDoCd Aod Oe: BoDoCaAga— 
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and 


dApd~ DoC' Bo — BoDoCdApd— ad BoDoCaAga~. 


So 


gi(Us) = 9i(U4) = Gis (0). (9) 


Combining (1) and (2), we have 


Gig (1) = 29ig (0) + 29%. (0). 


§4. Embedding Surfaces of a Cubic Graph 


Given a cubic graph G with n non-tree edges y, (1 <1 <n), suppose that T is a spanning tree 
such that T contains the longest path of G and that T is an associated joint tree. Let X7, Y;, Z 
and Fi be linear sequences for 1 < 1 < n such that X; UY = yw, Z2;U Fr = y, , X1 # Yi and 
ZA Fi. 


RECORD RULE: Choose a vertex wu incident with two semi-edges as a starting vertex and 
travel T along with tree edges of T. In order to write down surfaces, we shall consider three 


cases below. 


Case 1: If v is incident with two semi-edges y; and y:. Suppose that the linear sequence is 
R when one arrives v. Then, write down RX.y:Y; going away from v. 


Case 2: If v is incident with one semi-edge ys. Suppose that Ry, is the linear sequence 
when one arrives v in the first time. Then the sequence is R;.X, when one leaves v in the first 
time. Suppose that Re is the linear sequence when one arrives v in the second time. Then the 


sequence is R2Y, when one leaves v in the second time. 


Case 3: Ifv is not incident with any semi-edge. Suppose that R,, Ro and Rg are, respectively, 
the linear sequences when one leaves v in the first time, the second time and the third time. 
Then, the sequences are (Ro/R1)Ri(R3/R2) and Rs when one leaves v in the third time. 


Here, 1 <s,t<nands¥t. If v is incident with a semi-edge y; , then replace X, with Z, 
and replace Y, with F,. 


Lemma 4.1 There is a bijection between embedding surfaces of a cubic graph and surfaces 


obtained by the record rule. 


Proof Let T be a spanning tree such that T isa joint tree of G above. Suppose that o, is 
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a rotation of v and that R,, Re and Rz are given above. 


(Ys, Yt» Er) if X, = ys or Fy = yz 

and v is incident with ys, y; and e;; 
Yt, Ys,er), if Ys = ys or Zs = ys 

and v is incident with ys, y; and e,; 
Ys, €1,€2), if X, = ys or Fy = yD 

and v is incident with ys, ep and ey; 
ais €1,Ys,€2), if Ys = ys or Zs = yZ 

and v is incident with ys, ep and ey; 
€1, €2,e3), if the linear sequence is Rs 

and v is incident with ep, é, and e,; 


€2,€1,e3), if the linear sequence is (R2/R1)Ri(R3/R2) 


and v is incident with e,, eg and e, 


where €p, €, and e, are tree-edges for 1 < p,q,r < 2n—3 and ey F €g Fe, forp#q Fr. Hence 


the conclusion holds. 


By the definitions for X1, Y;, Z; and Fi, we have the following observation: 


Observation 4.2 A surface set H( of G has properties below. 

(1) Either X), Y, € H© or X1,% ¢ HO; 

(2) Either Z,, F, € H© or Z,, F, ¢ HO; 

(3) If for some | with 1 < 1 < n, X1,V%,Z%,F, € H®, then H©) has one of the follow- 

ing forms X, AMY, BO Z,CO FR, DO, YAO X,BOZ,CORDO, X,AOY BO RC Z,D© or 

YAO) X,BO RCO Z,D. These forms are regarded to have no difference through this paper. 
If either X, € H,Z, ¢ H or X, dé H,Z, € H, then replace X;, Yj, Z; and F; 

according to the definition of X7, Y;, Z; and Fj. 


RECURSION RULE: Given a surface set H© = {X,AMY,BOZ,CO FDO} where 
A, BO), C© and D© are linear sequences. 


Step 1. Let Ap = A, Bp = BO, C=C and Dp = D©. Qj is obtained for 2 <7 < 5. 
Then Hee is obtained by replacing a,a~ and Qj with a,,a; and Ae respectively. 


: (k) 
Step 2. Given a surface set Hy, 4... jp 


without loss of generality, suppose that Bas lh = {X, AMY, BY Z, 0M RDO} where 


A®), B®), C™® and D\™ are linear sequences for certain s (1 < s <n). Let Ag = A”), 
By = B®), C = C® and Do = D™. Q} is obtained for2 <j <5. Then HY. is 
(k+1) ‘ ais 

ss Si penenae ae respectively. 


Some surface sets Ho jaye:jm Which contain a),a; ,yi,y, can be obtained by using step 


2 for a positive integer m, 2 < ji, J2,J3,°°',Jm < 5 and 1 <1 <n. It is easy to compute 


fig (x). 


51:52,453.°** Im 


for a positive integer k and 2 < 41, jo, 73,°-+ jk <5, 


obtained by replacing a,a~ and Qj with ax41,a,,, and 
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By Theorem 3.7, 


(r) _ prt) prt) 
GET, pasGathcai Oy oie gece sa) or GN lg, Gali ks Sos) 
(r+1) (r+1) 
a Ge fs pend) Or gene) 
ifo<r< m—1,2 < ji, j2,J93,°°° Ir < 5. 
Yt Yr Ye Yo Ys YA Ys Ya 
a ae Ge oe ee oe oe 
vVoe e e e & @ e @ U8 
: Uy v2 | V4 U5 U6 U7 : 
F; Y3 ek @iecaaee FF 
yo vy 48 Ve 


Fig.l: Go and To 


(1) 
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Example 4.3 The graph Go is given in Fig.1. A joint tree To is obtained by splitting non-tree 


edges y (1 <1 < 6). Travel Ty by regarded vo as a starting point. By using record rule we 


obtain surface sets 


{X1y2¥1 21 Z2Z3y3F3V6Y5YsZ5Zayg Fy Fs X1.X5X6 FoF} 


and 


{X1y2¥1 21 Z2VeY5V1Z5 Zaye Paks XaX5X6FoF Z3y3F3}. 


By replacing Zo, Fo, 73, F3, X¢ and Ye according the definition 16 surface sets U, (1 <r < 16) 


are listed below. 


U1 = {X1yoMZ 
Uz = {X1y2MZ 
U3 = {X1y2VNiZ 
Us = {X1y2M1Z 
Us = {X1y2V%iZ 
Us = {X1y2M%1Z 
U7 = {X1y2MZ 
BEACON EEA 
Ug = {X1y2M%Z 


Ya ¥3 Y3Y6Y5Y4Z5 Zaye Fabs X4X5F\} 
Yo ¥3 ¥3Y5Y4Z5 Zaye Fa k's X4X5yoFi} 
Yo Y3Y3 Y6Y5Y4Z5Zayg Fabs X4X5F\} 
Yo ¥3Y3 YsYaZ5Zayg Fak'sX4X5yoF1} 
Y3 ¥3YoY5YaZ5 Zaye Pub XaX5yq Fi} 
Y3 Y3V5VaZ5Zayg FaFsXaX5yoyg Fi} 
Y3Y3 Y6Y5Y4Z5Zayg Fuk XaX5yq Fi} 
¥3Y3 YsYaZ5 Zaye Fak’sX4X5yoyo Fi} 
Yo YoY5YaZ5 Zaye FaFsX4X5Fiy3 ys} 
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Uio = {X1y2eMi Ziys VsViZ5Zaysg FuFsXaXsyoFiys3 ys} 
Ui = {X1yeVi Ziys yoYsY1Z5Zayg FuFsX1X5Fiyzy3 } 
Uy2 = {X1yeViZiyy VsVsZ5Zayg FaF'sXaX5yoFiysys } 
Ui3 = {X1y2eVi Ziyo Ys Y4Z5Zayg Paks X4X5y5 Fiys ys} 


Uys = {X11 ye Z1 V5 VsZ5Zayg FaFsX1X5 yoyo Fiys ys} 


U5 = {X1y2eVi ZiyoYsY4Z5Zayg Paks X4X5y5 Fiysy3 } 


Ui6 = {X1y2Vi Z1Y5Y4Z5 Zaye Fabs X4Xs5yoye Fiysys }- 


The genus distribution of U; can be obtained by using the recursion rule. Since the method 
is similar, we shall calculate the genus distribution of U; and leave the calculation of genus 
distribution for others to readers. 

U, is reduced to {X1y2¥iZiy5 yoYsV1Z5 Zaye FaksX4X5Fi} by Op2. Let H = Si, 
Ap = ya, Co = ¥xy6YsY1Z5 Zaye FaFsX4X5 and By = Do = 0. Then HS? = Hi? = 
{yous yes Yi Zs Zaye Fuk X4X5} and Hy” = Hi” = {yoarys yo¥s¥aZsZayg FaPsX1Xsq; }. 

HS is reduced to {y6Y¥s¥aZ5Zaye FiFsX4X5} by Op2. Let Ap = X5y6¥s, Bo = Zs, 
Co = yg and Do = Fs. Then H$3 = {XsyoYayg Fsa2Zsaz}, HY} = {XsyeYsZsyg a2F5a5 }, 
HY} = {XsyeYsZsaayg F5az } and HS? = {XsyeYoF5a2Z5yg a3}. HY = {Xsay yoaryy yo¥s 
Ye Fsa2Zsay }, HY") = {Xsaj yoaryy yoYsZsyp a2F saz}, HY) = {Xsaz yoaryy yoYsZsa2ye Fs 
ay } and HY? = {X5a] y2a1 yo YoY5F5a2Z5Y6 Gy } by letting Ap = X5ajz yoarys yes, Bo = Zs, 
Co = yg and Do = Fs. 


Similarly, HS?) . = {yea2a3 asys a5 }, HS), = {yous a2asa5 a5 }, HS) 4 = {yous asa2a5 a5 } 
and HS), = {ysazasyga2a5}. HS}. = {yes ara}, HS}, = {yoyg azasaz az}, HS} 4 = 
{yeasye 4203 a3 } and HS}, = {ygaz asyg azaz }. HS} 5 = {yoaays ay}, HS’) 5 = {yoaryg asaz 
as}, HE} 4 = {ysasaayg az ag } and HS"), = {yeaz asaayg a3 }. HS?) = {yearyg az}, HS? , = 
{ysazasyg ay a3 }, HS? 4 = {yeasarye a3 a5 } and HS? , = {yoys a asaza5 }. HY?) . = {ay your 
Yo YA2Az A3Yg 43 }, he = {41 Y21Y2 YoYg 424349 45 }, HS = {41 Y2a1ye YoYg 1342Aq a3 } 
and Hs = {41 y2a1Ye Yoay AZzYg 4245 }- He = {a1 yoa1ys YoYs 4249 }, Has = {ay yoarys 
YoYs 420349 a3 }, HY} = {41 YoYo YoUsYg A249 a3 } and Live = {a7 yoaiye Yo Az A3Yg A243 }- 
Has = {ay yoarys Yoa2ye 4 }, HAs = {4, Yoaiys Yoa2yg 4343 45 }, Ae = {4; yoaiyy Yoasa2 
Ye a3 a3} and Hy’), = {ay yoarys yous asaays a3}. Hyd = (a; yoarys year Ys a2}, Hy 2s = 
{aj yoarys yoarasys a3 43}, HY), = {ay yoaryy yoasarys ay a3} and HY), = {ay yaryy ye 


Yo by A3A245 }. 


By using (1), 


fu, () = 4 + 32x + 2827. 


Thus, 


fico (a) = 64 + 512¢ + 4482. 


Genus Distribution for a Graph 107 


§5. Genus Distribution for a Graph 


Theorem 5.1 Given a graph, the genus distribution of G is determined by using the genus 


distribution of some cubic graphs. 


Proof Given a finite graph Go, suppose that u is adjacent to k + 1 distinct vertices vo, v1, 
U2,°++, UR Of Go with k > 3. Actually, the supposition always holds by subdividing some edges 
of G. 

A distribution decomposition of a graph is defined below: add a vertex u, of valence 3 such 
that us, is adjacent to u, vo and v, for each s with 1 < s < k and then obtain a graph G, by 
deleting the edges wvp and wus. 

Choose the spanning trees 7, of G, such that uv,, uus and usvs are tree edges for0 < s <k. 
Consider a joint tree Ty of G. Let T. * be the maximal joint tree of Ty such that vs € V(TS) 
and yu ¢ V(T3) fort As and0<s,t<k. 

Let v, be the starting vertex of T * for0 <s <k. Suppose that A, is the set of all sequences 
by travelling T and that Q, is the embedding surface set of G;. Then 


Qo = {Ap Ar, Arg Ars °°: Ar,|Ar, € Arg, 1 1p Sky rp Arq for p F gq} 
and forl<s<k 


Qs = {Ap As Ar, Arg Ars A Ag Ar, Ary Arg a Ag, As|An, € Ary: 


Th—1? 
l<rp<krp#s,l<pq<ek—-1, andr, £1, for pF q}. 


Let fg,(z) denote the genus distribution of Q,. It is obvious that 


1 k 
fao(@) = 5 S> fa, (2). 


Thus, 


fol) = 5 fe.(a). 


Since Go has finite vertices, the genus distribution of Go can be transformed into those of 


some cubic graphs in homeomorphism by using the distribution decomposition. 


Next we give a simple application of Theorem 5.1. 


Example 5.2 The graph W, is shown in Fig.2. In order to calculate its genus distribution, we 
use the distribution decomposition and then we obtain three graph G, for 1 < s < 3 (Fig.2). 
It is obvious that G2 are isomorphic to Mobius ladder ML3 and G, are isomorphic to Ringel 
ladder RL2 for s = 1 and 3. Since (see [8], [15]) 


fu;(z) = 40x + 24x? 


and since (see [9], [15]) 
fru,(x) = 2+ 38a 4+ 24x, 
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AOx + 24x? + 2(2 + 38x 4+ 2427)] 
= 2458¢+4+ 3627. 


20) U1 vO UI VO U1 70) UI 


Z| INS. VEX 


U3 v2 U3 v2 U3 v2 U3 v2 


W4 Gy G2 G3 
Fig.2: W, and G, 
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